The structural analysis of thin composite structures requires robust and effective shell elements. In this paper the variational formulation is based on a Hu-Washizu functional with independent displacements, stress resultants and shell strains. For the independent shell strains an enhanced interpolation part is introduced. This yields an improved convergence behaviour especially for laminated shells with coupled membrane and bending stiffness. The developed mixed hybrid shell element possesses the correct rank and fulfills the in-plane and bending patch test. The formulation is tested by several nonlinear examples including bifurcation and post-buckling response. The essential feature of the new element is the robustness in nonlinear computations with large rigid body motions. It allows very large load steps in comparison to standard displacement models.
Introduction
The application of composite materials became very popular in the last decades, especially in aircraft industries. The advantages of these materials are high strength and stiffness ratios coupled with a low specific weight. Thus, composites are used in highly loaded light weight structures. Often the designed constructions are thin shells which are very sensitive against loss of stability. Therefore the discussion of the stability behaviour is crucial for composite shell problems besides the description of material phenomena like matrix and fiber cracking or delamination, see e.g. Ref. [1] . Thus high requirements on the accuracy and robustness of the finite element models are essential. Computational shell analysis is based on a stress resultant theory e.g. Ref. [2] , or on the socalled degenerated approach, References [3, 4] . Although the hypotheses underlying the classical shell theory and degenerated approach are essentially the same, the reduction to resultant form is typically carried out analytically in the former, and numerically in the latter. Many of the computational shell models consider transverse shear deformations within a ReissnerMindlin theory to by-pass the difficulties caused by C 1 -requirements of the Kirchhoff-Love theory. Low order elements based on a standard displacement interpolation are usually characterized by locking phenomena and thus lead to unacceptable stiff results when reasonable finite element meshes are employed. In shells two types of locking occur: transverse shear locking in which bending modes are excluded and nearly all energy is stored in transverse 1 shear terms, and membrane locking in which all bending energy is restrained and energy is stored in membrane terms. In attempting to avoid locking, reduced integration methods have been advocated, Ref. [5] . Use of reduced (or selective reduced) integration is often accompanied by spurious zero energy modes. Hence, authors have developed stabilization techniques to regain the correct rank of the element stiffness matrix, e.g. References [6, 7, 8] . In case of linear elasticity the Hellinger-Reissner functional can be used as variational basis for mixed interpolated elements. For nonlinear material behaviour a three field Hu-Washizu functional with independent displacements, stresses and strains is more appropriate. Within the so-called enhanced strain formulations the independent stresses are eliminated from the set of equations using orthogonality conditions and a two field formulation remains, Ref. [9] . For shells this method has been applied enhancing the Green-Lagrangean membrane strains e.g. in Ref. [10] . An effective method to avoid transverse shear locking is based on assumed shear strain fields first proposed in Ref. [11] , and subsequently extended among others in References [12, 13, 14] . The variational basis for these methods is given with the Hu-Washizu functional. An important issue within the context of developing a finite shell model is the number and type of rotation parameters on the element. Mostly general shell theories exclude explicit dependence of a rotational field about the normal to the shell surface which leads to a five parameter model (three displacements and two local rotations). Use of 5 degree-of-freedom frame requires construction of special coordinate systems for the rotational parameters. Considering the so-called drilling degree-of-freedom leads to a finite element discretization with six nodal parameters. This has some advantages since both displacement and rotation parameters are associated with a global coordinate frame. On the other hand a larger set of algebraic equations has to be solved, e.g. Ref. [15] .
The new aspects and essential features of the present formulation are as follows:
(i) The nonlinear variational formulation is based on a Hu-Washizu functional using a material representation with independent displacements, stresses and strains. The associated Euler-Lagrange equations are the static and geometric field equations, the constitutive equations and the static boundary conditions. The kinematic relations account for transverse shear deformations and are valid for finite rotations. In this paper the strain energy is chosen as a quadratic function of the independent shell strains. Based on a previous publication [16] , where appropriate interpolation functions for the independent stress resultants and strains are formulated, we present several new theoretical developments.
(ii) In this paper the strain approximation is modified. The first part with 14 parameters corresponds to the stress interpolation. The second part with a variable number or parameters is chosen orthogonal to the stress shape functions. This procedure corresponds to the enhanced strain formulation, Ref. [9] . As result the derived mixed hybrid quadrilateral element fulfills the membrane and bending patch test and possesses the correct rank.
(iii) It is shown that the second part of the strain interpolation leads to an improvement of the element behaviour especially when coupling of the membrane and bending stiffness occurs. This is the case for laminated shells with certain layer sequences. For this purpose the material matrix for laminates assuming transversal isotropic behaviour for each layer is implemented. An effective procedure to eliminate the stress and strain parameters on the element level to avoid expensive matrix inversions is developed.
(iv) The element formulation allows the analysis of shells with intersections. The nodal degrees of freedom are: three global displacement components, three global rotations at nodes on intersections and two local rotations at other nodes.
(v) The developed element is tested at several shell problems. We investigate the nonlinear behaviour of thin laminated structures including stability. The essential feature of the new element is the robustness in nonlinear computations with large rigid body motions. It allows very large load steps and needs less iterations in comparison to other element formulations.
Hu-Washizu variational formulation
Let B be the three-dimensional Euclidean space occupied by the shell in the reference configuration. With ξ i and e i we denote a convected coordinate system of the body and the global cartesian basis system, respectively. The coordinate ξ 3 is bounded by h u ≤ ξ 3 ≤ h 0 and ξ 3 = 0 defines the arbitrary reference surface Ω. A director vector D(ξ 1 , ξ 2 ) with |D(ξ 1 , ξ 2 )| = 1 is defined as a vector perpendicular to Ω. The unit director d of the current configuration is obtained by an orthogonal transformation of the initial vector D. In the following the summation convention is used for repeated indices, where Latin indices range from 1 to 3 and Greek indices range from 1 to 2. Commas denote partial differentiation with respect to the coordinates ξ α . The shell is loaded statically by surface loadsp on Ω and by boundary loadst on the boundary Γ σ . Hence the basic Hu-Washizu functional is introduced
with the area element of the shell dA = j dξ
T , ε, and σ denote the independent displacement, strain and stress fields. The displacement vector of the reference surface follows from u = x − X, where X(ξ 1 , ξ 2 ) and x(ξ 1 , ξ 2 ) denote the position vectors of the initial and current shell reference surface. Furthermore ω is the vector of rotational parameters. In this paper we assume a strain energy W which is a quadratic function of the independent strains. The shell strains based on a Reissner-Mindlin kinematic are organized in a vector
where the membrane strains ε αβ , curvatures κ αβ and shear strains γ α can be derived from the Green-Lagrangean strain tensor
The work conjugate stress resultants are integrals of the Second Piola-Kirchhoff stress tensor 
with the virtual shell strains δε G = [δε 11 , δε 22 , 2δε 12 , δκ 11 , δκ 22 ,
With integration by parts and applying standard arguments of variational calculus one obtains the associated Euler-Lagrange equations
with
The principle yields the static field equations with local form of linear and angular momentum, the geometric field equations and the constitutive equations. Furthermore the static boundary conditions t −t = 0 on Γ σ with t the boundary forces related to n α follow. Finally, the geometric boundary conditions u −ū = 0 on Γ u have to be fulfilled as constraints.
Finite Element Equations

Interpolation of the initial and current reference surface
In this section the finite element equations for quadrilaterals are specified applying the isoparametric concept. The local numbering of the corner nodes and midside node can be seen in 
One could also use the so-called lamina basis according to Ref. [17] , where the base vectors t α lie as close as possible to the coordinates ξ and η. Hence the Jacobian matrix J is defined
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One can prove that t 3 · G 0 ξ = 0 and t 3 · G 0 η = 0 holds which shows that t 3 is normal vector at the element center. Thus t 1 and t 2 span a tangent plane at the center of the element. Now we are able to express the local cartesian derivatives of the shape functions using the inverse Jacobian matrix J. The tangent vectors X, α and the derivatives of the director vector D, α are computed considering (8) as follows
For arbitrary warped elements one obtains X h , α = t α at the element center, which can be shown using above orthogonality conditions. This is important in the context of the present mixed interpolation. Furthermore a local cartesian system is advantageous to verify complicated nonlinear constitutive equations. At other points of the element the vectors X h , α are only approximately orthogonal.
The current shell middle surface is approximated in the same way
where x I = X I + u I describes the current nodal position vector and d I = a 3I is obtained by an orthogonal transformation a kI = R I A kI , k = 1, 2, 3. The rotation tensor R I is a function of the parameters ω kI organized in the vector
T and is evaluated via Rodrigues' formula
Representation (14) is singularity free for ω I = |ω I | < 2π which can always be fulfilled if after a certain number of load steps a multiplicative update of the total rotation tensor is applied.
The element has to fulfil membrane and bending patch test. The bending patch testwhen using below defined mixed interpolation for the stress resultants and shell strainscan be fulfilled with substitute shear strains defined in Ref. [13] , but not with the bilinear displacement interpolation inserted in the transverse shear strains (3) 3 , see Ref. [18] in case of a linear plate. Thus the finite element approximation of the Green-Lagrangean strains reads
The strains at the midside nodes A, B, C, D of the element are specified as follows
where the following quantities are given with the bilinear interpolation (8) and (13) 
Interpolation of the stress resultants
The independent field of stress resultants σ is approximated as follows 
describe the transformation of contravariant tensor components to the local cartesian coordinate system at the element center. The constants J 0 αβ = J αβ (ξ = 0, η = 0) are the components of the Jacobian matrix J in eq. (10) evaluated at the element center. The vectorσ ∈ R 14 contains 8 parameters for the constant part and 6 parameters for the varying part of the stress field, respectively. The interpolation of the membrane forces and bending moments corresponds to the procedure in Ref. [19] , see also the original approach for plane stress problems withξ =η = 0 in Ref. [20] . Due to the constants
the linear functions are orthogonal to the constant function which yields partly decoupled matrices. The area element dA = j dξdη is given with
Concerning stability of the discrete system of equations we refer to the discussion in Ref. [16] .
Interpolation of the shell strains
The interpolation of the independent shell strains consists of two parts. The first part with 14 parameters corresponds to the last section, whereas the second part with 2 to 12 parameters corresponds to the enhanced strain interpolation introduced in Ref. [9] . The functions of the second part are chosen orthogonal to the stress interpolation. In this context we also refer to References [21, 22, 23] , where mixed-enhanced strain methods have been investigated. Thus we have
with j 0 = j (ξ = 0, η = 0) and 
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Linearized variational formulation
Assuming conservative external loadsp andt the linearization of the stationary condition (5) reads
with C = ∂ 2 ε W . Hence inserting above interpolations for the displacements, stresses and strains yields the finite element approximation
where numel denotes the total number of finite shell elements to discretize the problem. The following element matrices are defined
Here B I is derived in Appendix A and k σ in Appendix B. Furthermore, the computation of the stress resultants ∂ ε W and material matrix C is explicitly described in Appendix C. The vector of the external loads f a corresponds to the standard displacement formulation. The integrals in (20) and (26) are computed numerically using a 2 × 2 Gauss integration scheme. For the geometrical and physical linear case an analytical integration of all matrices is possible along with a flat projection, see Ref. [24] on basis of a Hellinger-Reissner functional.
We continue with L[g(θ h , δθ h ), Δθ h ] = 0 , where δθ h = 0 and obtain
where r denotes the vector of element nodal forces.
Since the stresses and strains are interpolated discontinuously across the element boundaries the parameters Δε and Δσ can be eliminated from the last two equations
Inserting (28) in (27) 1 yields the tangential element stiffness matrix k e T and the element residual vectorf
The explicit computation of H −1 is not necessary. Concerning an effective elimination of the stress and strain parameters on the element level we refer to Appendix D. The linear element matrix possesses with six zero eigenvalues the correct rank. The global matrices are obtained by standard assembly procedures
where A denotes the assembly operator. The solution of the global system of equations yields the increment of the global displacement vector ΔV = −K −1 TF and thus the increments Δu K and Δβ K at each node. Here, one has to consider transformation
for all other nodes (31) which is discussed in Appendix A. Thus the element possesses six degrees of freedom at nodes on intersections and five at all other nodes. In this context we also refer to References [25, 26] . The update of the nodal displacements is performed in a standard way on the system level,
whereas the stress and strain parameters are updated on the element level using (28) . For this purpose the matrices which are necessary for the update have to be stored for each element. For linear elasticity with C = constant follows H = constant. Considering (28) 1 one can see that f e = 0 holds for the equilibrium state. Thus with (26)
holds for the whole iteration process.
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Examples
The derived element formulation has been implemented in an extended version of the general purpose finite element program FEAP, see Zienkiewicz and Taylor, Ref. [27] .
Membrane and bending patch test
First we investigate the element behaviour within a constant membrane and bending patch test as is depicted in Fig. 2 , see also Ref. [28] . A rectangular plate of length a and width b is supported at three corners. We consider in-plane loading and bending loading denoted by load case 1 and 2, respectively. Both, membrane and bending patch test are fulfilled by the present element with constant normal forces n x = 1, n y = n xy = 0 (load case 1) and constant bending moments m x = m y = m xy = 1 (load case 2). 
Annular plate
This example, which is shown in Figure 3 , has been introduced in Ref. [29] . The annular plate is loaded at its free edge with a load λ ·p; the other edge is clamped. Here, λ denotes the load factor andp = 0.1 a constant load. The geometrical and material data are:
ν 12 = 0.25 
Hyperboloidal shell under two pairs of opposite loads
This problem was defined in Ref. [29] , see also Ref. [30] . The hyperboloidal shell is loaded by two pairs of opposite loads. Considering symmetry only one eighth of the shell is discretized with a 16×16 element mesh, see Fig. 7 Figure 12 : Hyperboloidal composite shell, deformed configurations for both laminates
Stability analysis of a stiffened cylindrical panel
With the last example we test the applicability of the present element to a more complicated industrial problem. The composite cylindrical panel, see Fig. 13 In the test performed the uppermost and lowermost 30 mm of the panel was inside a frame filled with gypsum. The vertical edges of the panel was supported by a sliding support to keep the edges straight and preventing radial motion at the edges. Vertical displacement was controlled by the testing-machine at the upper edge of the stiffened panel, while the lower edge of the panel was fixed. The axial load was thus introduced directly into both the skin and the stiffeners. The chosen finite element mesh consist of 72 elements in the longitudinal direction, 50 in the circumferential direction and two elements in the height direction of the stringer blades giving a total of 4320 elements and 4453 nodes. The elements are positioned in the middle surface of the skin and the stringer blades. The eccentric position of the stringer foot is taken into account. This is possible with the present shell formulation since it allows consideration of an arbitrary reference surface. In the model the boundary conditions are applied to the nodes being 30 mm or less from the upper or lower edges of the panel and to the nodes at the vertical edges on the left and right side of the panel. In the skin all nodes being 30 mm or less from the upper or lower edges are prevented from radial motion. Nodes in the skin, at the skin-stiffener junction being 30 mm or less from the upper or lower panel edges, are also prevented from motion in the circumferential direction. The nodes at the vertical edges on the left and right side being more than 30 mm from the upper or lower edges of the panel are prevented from radial displacement. Vertical displacement was prescribed at the upper edge, while vertical displacement was prevented at the lower edge. The composite material is assumed to be linear elastic transversal isotropic with the following nominal values. The position and the dimensions of the stringers as well as the stacking sequences for the skin, the 3 gradations of the stringer foot and the stringer blade are defined in Fig. 14 . Here, 0
• describes a fiber orientation in circumferential direction and 90
• in vertical direction. The +45
• -direction is defined in an inside view of the panel in mathematical positive sense. From the experiment it is known that the buckling behaviour of the panel is characterized by a nearly linear prebuckling behaviour, which is followed by a local skin buckling and an adjacent global buckling behaviour with two or more global buckles until collapse. A first static analysis has been performed using an arc-length-scheme together with accompanying actions like e.g. inspection of the determinant, see e.g. Ref. [36] . Results could only be achieved until the first buckling load at the end of the prebuckling region. Here, a cluster of zero eigenvalues associated with local buckling patterns occurs at nearly the same load, which leads always to divergence in the equilibrium iterations. Two methods are available to overcome these problems. Either one can add artificial damping forces or one can choose a transient quasistatic analysis, which has been done here. The extension of the finite element formulation for dynamical loads is a standard procedure. The variation of the Lagrange function L = T − V must be zero within the time range
Here, T is the total kinetic energy of the shell, which consists of the translatoric part of the reference surface and the rotatoric part of the un-extensible director vector. The total potential energy V corresponds to Eq. (1). After variation and adjacent partial integration with respect to the time it follows the variational form including the inertia terms. Introducing the shape functions for displacements, stresses and strains and the assembly procedure, one ends up with a system of equations for the unknown discrete displacements, velocities and accelerations. Out of the field of time integration schemes we choose the well known HHTalgorithm, Ref. [37] , with α = 0.05, where numerical damping is included. A total prescribed displacement of u = 3 mm is calculated in 500 equal time steps of 0.012 sec. with ρ = 1.6·10 −6 N sec 2 /mm 4 . The total axial load P with respect to the prescribed axial displacement A good agreement between experiment and the numerical modeling of the associated load can be seen. The further deformation pattern is governed by two global buckles, see Fig.16 2−4 , which changes dynamically to three buckles, see Fig.16 5+6 , within the calculated range. 
Conclusions
The paper deals with the structural analysis of laminated shells using a mixed hybrid shell element. Using a three field variational principle appropriate interpolation functions for the independent mechanical fields are described. The approximation of the shell strains is improved introducing additional interpolation functions. The numerical tests show that two parameters for membrane as well as for bending terms are sufficient for the second interpolation part. The element performance has been illustrated by several numerical examples which include bifurcation and post-buckling response. Especially for large rigid body motions the new formulation allows very large load steps and requires essentially less equilibrium iterations in comparison to displacement based elements.
Appendix
A First variation of the shell strains
The first variation of the shell strains is derived from (15) and (16) 
with δγ
where δx, ξ , δx, η , δd are evaluated at the midside nodes considering (17) .
The virtual vectors δx
h , α and δd h , α using (13) are determined
with the virtual nodal displacements δu I and
where according to Ref. [31] δw I = H I δω I ,
Finally we are able to summarize the finite element approximation of the virtual shell strains (35) considering (36) 
The allocation of the midside nodes to the corner nodes is given by
B Second variation of the shell strains
The linearized virtual shell strains read
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The second variation of the current orthogonal base system has been derived in Ref. [31] h 
where k σIK is determined witĥ
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C Stresses and Material Law
We consider a laminate with N LAY layers of total thickness h. Hence the thickness coordinate ξ 3 lies for an arbitrary reference surface in the range h u ≤ ξ 3 ≤ h o . It is assumed that the constitutive behaviour of each layer can be described using a transversal isotropic material law. Thus we use a homogenized material law with averaged stresses for the fiber matrix composite. In the following the subscript G indicates components with respect to the element coordinate system t i according to (9) , whereas the subscript L denotes tensor components with respect to the orthogonal layer basis a i
where c = cos ϕ, s = sin ϕ and a 1 is related to the fiber direction. Introducing the coefficients
the transformation of the strain components from the global to the local coordinate system
where the index k refers to layer k. The strain energy is an invariant function
and yields with (51) the transformation for the symmetric constitutive matrix
with components
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The elements of the material matrices of a layer k depend on the elastic constants E i , G ik and ν ik of a three-dimensional material law with transversal isotropy, see e.g. Tsai [32] ,
where, κ denotes the shear correction factor. For simplicity we choose only one value, the one for isotropic material behaviour κ = 5/6. The potential character of the strain energy requires ν 12 /E 1 = ν 21 /E 2 . Thus, we consider 5 independent material constants.
Next the relation between the Green-Lagrangian strains at a layer point with coordinate ξ 
In (60) h k is the thickness of the k-th layer, ξ 3 sk is the distance from the midpoint of the considered layer to the reference surface. As can be seen the material law is characterized by the well known coupling effect between membrane and bending terms. Finally from (58) we obtain the vector of the stress resultants
It is important to note that in the Hu-Washizu functional (1) the independent strains ε enter into the constitutive model, and thus in (61).
D Effective elimination of the stress and strain parameters
Due to the orthogonality of the interpolation functions N σ and N Using an approximation for j the submatrices in f can be integrated analytically, see Ref. [16] . It is not necessary to perform the double inversion inĤ = (F 
where the condensed matrices are obtained within a Gauss elimination procedure, see Ref. [33] . Furthermore, using (62) and (65) 
as result of the back-substitution with −f e 2 and Δε 1 , thus completing the Gauss elimination procedure, see Ref. [33] . Summarizing, besides the condensation of four parameters the only inverse matrix which has to be computed is F −1 1 , which means little effort due to its diagonal structure.
